This paper concerns the local connectedness of components of self-similar sets. Let n ≥ 2 be an integer and let
Introduction
An iterated function system (IFS) on R n is a family F = {f 1 , . . . , f q } of contractions f j : R n → R n with q ≥ 2. The unique nonempty compact set E ⊂ R n with E = j f j (E) is called the attractor of F, or a self-similar set determined by F. If all the mappings f j are similitudes, then we call E a strictly self-similar set ( [8] ).
There are many works devoted to the topological properties of self-similar sets, mainly on (a) connectedness, see for instance [4, 7, 13, 20, 24] or the survey [2] and the references therein; (b) homeomorphy to a disk, see for instance [14, 15, 17, 19] ; or even (c) homeomorphy to a ball ( [10, 3] ) and (d) the fundamental group ( [1, 5, 9, 18] ). However, local connectedness of self-similar sets is touched occasionally ( [23, 16] ).
In 1985, M. Hata [7] showed that if a self-similar set is connected, then it is also locally connected, and hence is a locally connected continuum, also called a Peano continuum. This paper concerns two questions:
Q1. When is a self-similar set locally connected ?
Q2. When is every component of a self-similar set locally connected ? * This study is partially supported by Chinese NSF projects 11171123,11431007, 11471124 and 11771153.
For the first question, we have the following simple answer.
Theorem 1. Let E ⊂ R n be a self-similar set. Then E is locally connected if and only if it has finitely many connected components. In this case E consists of finitely many Peano continua.
The second question is much more delicate and it is the main concern of the present paper.
We begin with examples. Example 1.2. Let F 2 = F 1 ∪ {g, h} be an IFS as illustrated in Figure 2 and E 2 the attractor.
It is seen that x × [0, 1] is a component of E 2 for every x ∈ K, and from this one deduces that
a typical example of non-locally connected continuum and will be called the Cantor comb. From the examples we see that local connectedness is a delicate property for self-similar sets. Nevertheless, in this paper, we present a positive result concerning fractal squares. Definition 1.4 (cf. [12] ). Let n ≥ 2 be an integer, and let D be a subset of {0, 1, . . . , n − 1} 2 with cardinality #D ≥ 2. The attractor of the IFS
is called a fractal square and D is called the digit set for F .
Motivated by the study of Lipschitz equivalence of self-similar sets, Xi and Xiong [28] and
Roinestad [21] studied the topological properties of fractal squares; in particular, several criteria of total disconnectedness are given. More recently Lau,Luo and Rao [12] provide a more complete understanding on the topological structure of fractal squares by investigating H = F + Z 2 , a periodic extension of F . Based on the topological classification of fractal squares in [12] , we obtain the following result.
Theorem 2. Every component of a fractal square is locally connected.
However, the above result fails in higher dimensions, as indicated by the following example. Figure 5 . We are going to show that a component of E 4 is homeomorphic with the Cantor comb mentioned in Example 1.2. Notice that the projection (x, y, z)
to the whole interval [0, 1]. We will call
Moreover, the projection (x, y, z)
maps E 4 to a fractal square F on the yz-plane. The digit set for F is
We claim that every component of F is either a single point or a line segment parallel to the y axis. First, notice that there is a broken line in (0, 1) 2 \ F starting from the point (0, 11/18) and ending at the point (1, 11/18) , see the dotted line in Figure 6 . , all nontrivial components of F are line segments parallel to R × {0}. Consequently, every component of E 4 must be a subset of a single z-section.
Since the z-sections with z = 1 and z = 0 are respectively P −1 Figure 5) , we see that the z-section P The paper is organized as follows. Section 2 briefly reviews on topological notions and results related to local connectedness, and proves Theorem 1. Sections 3 and 4 prepare a few useful lemmas and give the proof for Theorem 2. Section 5 considers self-similar sets E in R 3 .
Preliminary on connectedness and local connectedness
This section starts from a short review on notions and results of topology, which can be found in the book "Dynamic Topology" by Whyburn and Duda [27] . Proof of Theorem 1. As we have mentioned before, if E is a locally connected self-similar set, then E has finitely many components since it is compact. It follows that the components of E are both compact and open. Thus these components are locally connected since so does E.
In other words, the components of E are Peano continua.
Suppose that E is determined by {f 1 , . . . , f q } and that E has finitely many components, say P 1 , . . . , P N . It is easy to check that for any integer n ≥ 1 we have
where
. . , q} n . Let r be the maximal ratio of the contractions f i . Then
is a finite cover of E by connected sets of diameter less than r n diam(E). Since r n diam(E) approaches 0 as n → ∞, the self-similar set E is locally connected.
Two Lemmas
In this section, we build two lemmas concerning components of compact sets on R 2 . Let us start with the notion of quasi-component. Given a space X, the component of X crossing x is contained in the quasi-component
The converse is not generally true. Actually, let Our first lemma is a pasting lemma.
Lemma 3.3 (Pasting lemma). Let
Proof. We only need to consider the case Z ∩ Y = ∅. By Theorem 3.2, the set Y 1 is a quasi-
Our second lemma is based on the following. Proof 
On components of a fractal square
In this section, we prove Theorem 2.
Let
be the periodic extension of F and F k , respectively. We have 
Lemma 4.3. If γ is an open arc in the interior of F
If n N γ intersects z + F for some z ∈ Z 2 the first relation implies that z ∈ D N , contradicting the second relation.
The following two results are used when we prove Theorem 2. Clearly, we can find a point x 1 in (X ∩ V ) \ P 0 with |x 1 − x 0 | < ε 0 . Let P 1 be the component of X ∩ V containing x 1 . Since P 1 is closed and dist(x 0 , P 1 ) > 0, we can find a second point
Lemma 4.5 (cf. [26, p.108, (3.1) Separation Theorem]). If A, B ⊂ R 2 are compact sets such that A ∩ B is totally disconnected and a, b are points of A \ B and B \ A, respectively, and ǫ is any positive number, then there esists a simple closed curve J which separates a and b and is such that (J ∩ (A ∪ B)) ⊂ (A ∩ B), and every point of J is at a distance less than
Continue this procedure, we can find an infinite sequence of distinct components
Here we note that every P k intersects the boundary ∂V of V . Actually, if on the contrary P k ∩ ∂V = ∅ for some k then P k would be a component of X according to Lemma 3.3, violating the connectedness of X.
Therefore, for every k ≥ 1, we can choose a point y k in P k ∩ ∂V . Here, we have |x k − y k | > 4ε 0 for all but finitely many k ≥ 1. By choosing an appropriate subsequence, we shall obtain the result of Lemma 4.7. See the following Figure 7 for a simplified depiction. 
Lemma 4.8. Pick a large enough integer
The above lemma is immediate. And, for the sake of convenience, an N −cell is called a
2 ) for some α ∈ {1, . . . , q} N and intersects infinitely many P k ; otherwise, it is called a white N −cell. Let M be the union of the black cells. Then all but finitely many P k , and also P ∞ , is contained in M , which in turn is contained in F N . Clearly, M o has finitely many components W 1 , . . . , W p ; moreover, the closures of any two components intersect at a finite set. Since for each W i the closure Cl(W i ) intersects infinitely many P k , we
Moreover, there are at most finitely many P k intersects the finite set Cl(W i ) ∩ j =i Cl(W j ) . Since the components P k are disjoint continua, we can infer that every Cl(W i ) contains all but finitely many of the components P k with P k ∩ Cl(W i ) = ∅.
Therefore, we have P ∞ ⊂ Cl(W i ) and p = 1; in other words, the interior M o of M is connected. 
Consequently,
By Lemma 4.5 and Remark 4.6, we may choose a simple closed curve Γ 1 satisfying:
from a point on J and ending at a point on j ∂U j , such that the interior of α 1 is disjoint from
Assume that the ending point of α 1 is on ∂U j . Here one may expect that
if necessary, we may assume that j = 1. Thicken α 1 to be a closed topological disk D 1 with 
Now it is direct to check (1) that each of β 1 and β 2 is located on exactly one component of the interior M o 1 and (2) that all but finitely many P k are contained in M 1 . From the latter we can infer P ∞ ⊂ M 1 . Therefore, given the common part of the closures for any two components
Since M is a finite union of black cells in F N , we see that Z is necessarily a finite set. Form this we can infer the connectedness of M o 1 . Moreover, it is routine to check that R 2 \ M 1 has no more than p − 1 bounded components, each of which equals U i for some i = 1. Note that the unbounded component W 1 of R 2 \ M 1 is bounded by a simple closed curve J 1 . Clearly, the union β 1 ∪ β 2 is contained in J 1 and does not intersect F .
If ∂U i intersects some P k then we can find a closed arc α 2 disjoint from β 1 ∪ β 2 ∪ (M 1 ∩ F ) that starts from a point on J 1 and ending at a point on ∂U i . So we can use the above procedure and obtain M 2 , satisfying the conditions given in Lemma 4.9. Repeating this procedure for at most finitely many steps, we will obtain M * as required. 
Lemma 4.10. There is an arc
γ in (M * \F ) ⊂ (F N \F ) that is of diameter ≥ n −N √ 2(n 2 +1) 2 /n. Let U * 1 , . . . , U * q be the bounded components of R 2 \ M * . Then Int(J * ) \ M * = U * 1 ∪ · · · ∪ U * q . Moreover, the closure Cl(U * i ) is disjoint from k≥k 0 P k for 1 ≤ i ≤ q. By Lemma 3.3, every P k with k ≥ k 0 is also a component of (F ∩M * )∪Cl(U * 1 )∪· · ·∪Cl(U * q ). Recall that D := J * ∪Int(J * ) is a topological disk.
A self-similar set that has a non-path-connected component
This section gives a self-similar set in R 3 that has a non-path-connected component.
Let E and F be two subset of R defined by
It follows that [0, 1] = E ∪ F ∪ 1 4 F . Moreover, E and F are self-similar sets satisfying the open set condition, namely,
Lemma 5. Figure 9 ) is a self-similar set with open set condition.
We extend x → x 4 to the following 4 maps:
It is easy to check that these extended maps form an IFS of X. Since the similarity dimension of this IFS is 2 and X has non-empty interior, the IFS satisfies the open set condition by a result of Schief [22] .
Let X * = X ∪ (F × {1}) ∪ 1 4 F × {0} . Note that X * is a continuum having two path components, one is {0} × [0, 1], and the other one is the rest of X * . See Figure 9 . We shall construct a self-similar set G ⊂ R 3 which contains a component homeomorphic with X * . To this end, we shall construct an IFS consisting of three parts: the first part generates copies of F and F/4 respectively, the second part generates a copy of X, and the third part put them together properly. Let F 1 be an IFS generating F , and F 2 an IFS generating F/4 such that the maximal contraction ratios of them are less than 1/5, which can be obtained by iterating the IFS in (4). Next, for a map x → λx + a of F 1 , we extend it to a 3-dimensional map Let us denote the extended IFS by F * 1 and F * 2 , respectively. Let F * = F * 1 ∪ F * 2 , which is the first part of our IFS. The following lemma is obvious. 
